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SUMMARY

An aenalysis of low-speed boundary-—lajer flow over alrfolls
at moderate angles of attack and at Reynolds numbers of several
million is presented. Methods are developed for estimating the
growth of the boundary layer in the regions of lamlnar ssparation
and transition. Calculation of the growth of the turbulent
boundary layer and the chordwise locatlon of the turbulent
separation polint are considered.

The concepts, which are found to be basic for understanding
low-gpoed boundary-layer flow, are also applled to data for
transonlc speeds. A close simlilarity 1s found to exlst between
low—speed and transonic boundary-layer flow. An approximate
procedure for calculating boundary-layer growth through shock
waves 1s presented. The local effects of both laminar and
turbulent boundary—layer separation are considered.

INTRODUCTION

Experimental measurements at transonic speeds have indicated
that changes in the airfoll surface condition or of Reymolds
number cause marked changes in the chordwise static—pressure
distribution. In particular, the flow in the vicinity of the
shock wave is entirely different for laminar than for turbulent
boundary—layer £low. Before an adequate analysils of transonic
flow past airfoll sections can be made, it 1s necessary to obtaln
some understanding of the characteristice of boundary layers at
transonlc speeds.

There is little analyeis available for boundary layers at
transonic speeds; however, a vast literature dealing with low-speed
boundary—-layer theory exists. The question naturally arises as to
whether soms of these numerous methods of analysis can be extended
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to epply to transonic flow. The various boundary-layer flow regimes
at low speeds are consldered for the case of an alrfoil at a )
moderste angle of attack. A number of basic characteristics of “
boundery—layer flow appear In this analysis. It is the purpose of
this report to examine some transonlc boundary—layer data to
determine whether fundeamental similarity exists between boundary—
layer flow at low and transonic speeds.

An airfoll at a moderate angle of attack was selected for
the low-speed case in order to avold the complex problem of
predicting the chordwise location of transition from laminar to
turbulent flow when this occurs shead of the theoretical position
of laminar separatlion., In the case considered, transition from
laminar to turbulent flow follows separation of the laminar
boundary layer and subsequent reattachment of the flow to the
airfoll surface. This case is frultful because reglons of both
laminar and turbulent separation occur.

There are several semismpirical methods for calculating the
development of -the turbulent boundary layer and the position of \
turbulent separation. Data obtalned at the Bureau of Standards
and recently presented by Dryden.(reference 1) assist in evaluating
the methods for calculating turbulent separation. These dats show
that the skin—friction coefficlent of turbulent boundary layers il=
highly dependent upon the veloclty profile, that 1s, the shape of
the veloclity distribution through the boundary layer. This
dependence was not established at the time von Doenhoff and Tetervin
(reference 2) developed their semiempirical equation for calculating
the chordwise position of turbulent separation. It appears that the .
complexity of theilr equation is at least partly dus to attempting
to 1t an equation to the experimental data while neglecting the
dependence of skin—friction coefflclent on the velocity profils.

The much simpler procedure developed by Gruschwitz (reference 3)
is in substantlial agreement with the data of reference 1 and is a
falr approximation to the data of refersence 2. Therefore, the
semlemplrical equation of Gruschwltz 1s used 1n the present reportf
for calculating the turbulent separation point. '

A significant experimental study of boundary—layer flow at
transonic speeds has been made by Ackeret, Feldmasnn, and Rott
(reference 4.) These data are considered in the present report .
In terms of the concepts developed for low—speed flows.

SYMBOLS ; LT

c alirfoll chord length
h surface Bump helght - g
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o%

ratio/of boundary-layer displacement to momentum thickness
(5%/6)

length of region of iaminar separation
ratio of local weloclty to local velocity of sound
ratio of local veloclty to critical velocity of sound
static pressure
total head
dynamic pressure

oS

Reynolds number based on airfoll chord <EV{>

Reynolds number based on boundary—layer momentum thicknsss
g
v
N2
pressure coefficient —_—
(Uo

local velocity in boundary layer
local velocity outside boundary layer
free-gtream velocity

maximm perturbation velocity
chordwise distance

distance normal to surface

d./E]

velocity gradient [—7;7-
d x/c)

total boundary-—layer thickness

boundary~layer dlsplacement thlckness

[oo- [ (2-23) o ]

dengity outslde boundary layer
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Py density in boundary layer et point where veloclitiy equels u
2] boundary-layer momentum thickness
[e=] #C-5)v ]
o
1 Gruschwitz boundary-leyer shape parameter (equation (6))
_To surface shearing stress

T./24  skin-friction coefficient

v kinematic viscosity

ARALYSTS (F LOWN-SPEED BOUNDARY-TAYER FLOW

Conslder a smooth—surfaced airfoll at s moderate angle of
attack in e low=turbulence low—speed flow. The various regimes of
boundary-layer flow over the airfoll can be readlly differentliated
on the basis of the local pressure distribution. To avold the
confusion of plus and minus signs, the pressure cosfficient S, which
is defined as the ratio of the local to the free-stream velocity
squared, will be used. The maximum pressure coefficlent occurs on
the upper surface near the alrfoll leading edge. (See fig. 1.)
Over the next few percent of the airfoil chord, there 1s an abrupt
decreage in S. This decrease occurs 1n two parts which are divided
by & short region of constant pressure. The corresponding behavior
of the boundary layer 1s as follows: From the peak pressure polnt
to the constant—pressure region the flow 1s laminar. In the reglon
of constant pressure, which will be shown to be about 1l percent of
the chord in length for Reynolds numbers of about one million, the
boundary layer remaineg laminsy but 1s separated from the surface by
g "dead-air" bubble., The flow then turns turbulent and spreads
back to the surface with the accompanying second abrupt decrease
in S, Aft of the sharp forward pressure pesk there are relatively
moderate chordwise pressure gradients (fig. 1) and the boundary
layer is turbulent. Over the resr portion of the airfoll there
is a reglon of relatively constant pressure. In such a reglon, S
is somewhat greater than one, and the local boundaryalayer flow is
referred to as turbulent separation. ,

The pressure dlstribution which hes Just been described is
the actual viscous—flow pressure distribution which approximates
the potential-theory pressure distribution except in the vicinity °
of both the region of laminar and turbulent separation.

The various reglmes of flow will now be treated in detail.
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Iaminer Flow

The extent of. the laminar flow on the alrfoll for the case
being considered is small but it 1s of Importance for determining
the initial gonc}itions in the turbulent boundary layer. In refer—
ence 5,von Karman and Millikan have studied leminsr boundary-layer
separation for the case of pressure dlgtributlons having & sharp
peak. It is shown in this reference that the conditlions for
laminer separation are independent of both Reynolds number and the
actual magnitude of the peak pressure coefficient., When the maximum
pressure occurs near the leading edge, a&s 1n the present case, the
laminar boundery layer separates at the chordwise station at which
the local value of S 18 about 0.81 times the peak pressure coeffi—
cient, - Furthermore, as can be determined from the results of
reference 5, the local boundary-iayer momentum thickness at thils
separation point is simply

0.4
7R

where ¢ 1s the chord length, R, 1s the alrfoil Reynolds
number, and B 1s defined as

) aNs _ a(u/uo)
a(xfc) ~ a(x/e)

For the low—speed type of alrfoil pressure distribution being
anslyzed in the present report,the velue of B 1s nearly constant
from the pressure peak to the laminar separatlion point so that
equation (1) is applicable., From reference 5,1t is also found
that at the laminar separation point the ratio of boundary—iayer
displacement to momentum thickness has a value of 3.8.

(1)

e
c

B

A region of separated laminar flow 1s characterized by
constant local pressure. Thus, as there are no pressure oOr shear
forces acting on the boundary layer, there cannot be any appreciable
changes in the boundary-layer momentum defect; that is, the
boundary-layer momentum thickness must remain virtually constant
-over the constant—pressure region. At the mame time there must
be & rapld local increase in the boundary-layer displacement
thickness since 1t is necessary to have a distortion of the
streamlines to decrease the local pressure gradient to zero. 1In
reference &, laminar separation was measured on em NACA 66,2-216
airfoil section at an angle of attack of 10.1° and for a Reynolds
number range of 0.9 to 2.6 million., An analysis of these data
indicated that the momentum thlckness dces remaln virtually constant
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in the reglion of eongtant pressure while there is & marked increase
in the boundery-layer displacement thickness. (See fig. 2.)

There appears to be the followling factor determining the
magnitude of this Increase in the displacement thickness, Through-
out the range of Reynolds numbers for which data are presented, the
length of the region of constant pressure can be characterized by
a value of BRI, equal to approximately 25,000, where Ry 18 the
length of the reglon of constant pressure times the local veloclty
and divided by the kinsmatic viscosity. Two other properties of
the laminar separated reglon are known: The looal pressure, hence
velocity, are constant; whereas in the absence of separation there
would be a large local veloclity gradlient B. The shape and
megnitude of the dead—eir bubble are such as to bring about this
change 1n the local velocity gfadipnt. From thin airfoll theory,
it is known that a local veloclty perturbation is proportional to
the height of & local bump h

R - @)
where
h height of bump
alej velocity perturbation due to bump
U local stresm velocity
L. length of region of constant velocity characterized by

Ry, = 25,000

The following data obtained from reference 6 indicate that the
value of K 1s about ons:

Reynolds AT h
number U L
b - -
0.9 X 1086 0.10 | 0.08
1.5 x 108 o| .08
2,2 x 10© .08 .07

The height of the dead-air bubble is thus directly determinable
from the potential-—theory pressure distribution and equation (2).
That this helght 1s equal to the increment of the dlsplacement
thickness over the congtent—pressure region follows directly from
the definition of the displacement thickness, since the alr velocity
inside the bubble is virtuslly zero. '
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The boundary-layer momentum and dlisplacement thickness at the
end of the reglon of laminar separation are thus calculabls. The
local momentum thickness is obtained from equation (1), and the
displacement thickness is 3.8 times this value plus the maximm
displacement of the separated flow from the surface. The latter
guantity is obtained from equation (2).

Trangition Reglon

At the termination of the short congtant—pressure reglon, the
separated leminsr flow becomss turbulent and spreads back toward
the airfoll surface. Over the region in which the separated
turbulent flow spreads toward the alrfoll surface to establish
itself as a turbulent boundary layer, there 1s a large pressure
gradient. An analysis of the experimental boundary-layer profiles
in reference 6 indicated that over this region there was only &
small varletion in the boundsry-layer displacement thickness. This
varlation consisted of an Initlal decrease followed by an increase,
go thet the displecement thickness at the end of this region of
large pressure gredient was nearly the same as at the beginning.
At the same time, the boundary-layer momentum thicknees lncreased
rapidly. The classlical equatlon for analyzing the growth of
momentum thickness is the boundary-layer momentum integral equs—~
tion ’

AR N G)
where
e momentum thickness
x length along alrfoll surface
&% - diasplacement thickness
S pressure coefficlent
g local dynamic pressure

/20 skin-friction coefficient

The growth of the boundarywlayer momentum thickness in the transi—
tion region can be calculated by means of egquation (3). This
calculation 1s simple because when the flow 1ls detached from the
surface the skin-friction coefficlent 1ls zero; moreover the experi-
mental date suggest the use of & congtant value of the boundary-layer
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displacement thickness, namely, 1ts value at the end of the region
of laminar separation. Hence equation (3) reduces to

CEE o
Bo+5, % - -S—l' S -

where subscripte i1 and 2 Indicate, respectively, conditions at the
beginning of and at some later point in the transition region.

In figure 2,8 comparison 1s presented between the theoretical
and experimental momentum thickness distribution in the region of
laminar separation and transition for the NACA 66,2-216, a = 0.6
airfoll section at an angle of attack of 10.1° and a Reynolds number
of 900,000, According to the theory, the momentum thickness should
remain constant over the region of separation at a valus given by
equation (1). In the transition region the momentum thickness growth
‘was calculated by means of equation (4), using the experimental
pressure distribution obtained from reference 6 and assuming a
constant value of displacement thickness of 0.0009 chord lengths.

The velue of momentum thickness at the point of laminar
separation estimated,using equation (1), agrees well with the
experimental value. However, there 1s a growth of momentum thickness
in the region of congtant pressure not predicted by the theory.
Consequently, the theoretical values of momentum thickness in the
following transition region are lower than the experimental because
they depend upon the theoreticel velus at the end of the constant-
pressure reglon which is somewhet lower than the experimental.

Turbulent Flow

A number of methods are available for calculating the growth
of the turbulent boundery layer. These methods consist of different
procedures for solving the boundary-layer momentum equation. The
factors which appear in this equation are the chordwise pressure
distribution, the local ratio of displacement to momentum thickness,
and the local skin-friction coefficlent. At points some distaence
ehead of the turbulent separation there is uncertainty in the
theoretical estimation of each of these factors. The presence of
a reglon of seperated flow appreciably alters the pressure distri-
bution, ahead of as well as behind the separation point, from the
unseparated or potential-flow distribution. The retio of dlsplece—
ment to momentum thickness varies from about 1.4 to 2.5 over the
reglon of turbulent flow. The date recently presented by Dryden
show that the variation of thils retic results in & marked varlstlion
in the skin-friction cocefficient.
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In spite of the previously mentioned difficulties, relatlvely
simple approximate solutions of the momentum equation can be used
to obtain quite accurate values for the boundary-layer growth up
to the viecinity of the turbulent separation point. In cases where
turbulent separation o¢curs, errors in evaluating the skin—friction
coefficient are of secondary importance becauss the effects of the
local pressure forces on the boundary-layer growth are larger than
the surface shear forces. The ratio of displacement to momentum
thickness ‘6*/9 appears in the momentum equation only in the group
(6%/6 + 2) which, although ranging fram 3.4 to 4.5, only varies
between 3.4 and 3.8 for the major portion of the region of
unseparated turbulent flow. It thus appears that the greatest
uncertainty in the theoretical calculation of boundsry—layer growth
arises from changes in the pressure distributlion due to the presence
of a region of turbulent separated flow. The magnitude of these
pressure changes depends upon the variation of the boundary—layer
displacement thickness in the wake as well as over the rear portion
of the airfoil., This is & complex problem which has not as yet
been adequately solved. Of course, if the boundary-—layer calcula—
tions are based on an experimental pressure distribution, this
complexity is cilrcumvented.

Tn view of the uncertainty in evaluating the basic parameters,
it Pollows that elaborate step-by—step calculations of the boundary—
layer growth involve unwarrsnted complexity. For fully developed,
turbulent, boundary-layer flow, a reasonsble value for the skin—
friction coefficient can be obtained from Falkner's equation for
turbulent flow over flat plates (reference T), namely

T
o 1

24 153 Rgl/s
where Rg 1s the local Reynolds number in which the momentum
thickness is used as the characteristic length. The chordwise
variation of boundary-layer momentum thickness can be obtainsd
most directly by substituting this equation into equation (3) and
integrating under the assumption of a constant averaege value of H
of 1.6 which leads to

@):6 = RC,S.(;_—/;_;{ZTT ‘4; ;::)282& (x/c) + (-g-):/e @2)2.1 (5)

A knowledge of the chordwise growth of boundary—layer momsntum
thickness gives no indication of separation. Boundary—-layer
measurements in the vicinity of the turbulent separation point are
in general sgreement that the boundary-leyer shape paremeter
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(E = 8%/8) can be used as an indicator of the location of the
turbulent separation point., The value of H at separation is
between 1.8 and 2.7, usually being about 2.5. Therefore,a
relationship is needed to permit the calculation of the boundary—
layer shape parameter. In reference 2,the semiempirical equation
dsrived for calculating the variation of E is

dH 4 .680 (E~2.975) [ g ds 2—g_ ' ' J
e _—=0 | e e e— - 2.0 H — 102%
=" ° SE& T 35 ( )
'..r—
where 2—0» is the equivalent flat—plate skin-friction coefficient
q

based on the local valus of R,. It appears that this equation is
excesslvely complex as a resul% of the fact that, in fitting an
equation to the experimentel data, it was assumed that the value
of the skin-friction coefficient was independent of H. The data
presented in reference 1 indicate that, for values of H from about
1.5 to 2.2,the skin-friction coefficient is approximately

proportional to (¥,/2q)/(B-1.29). Thus, when the dependence of

skin-friction coefficient on H 1s taken into account the von Doenhoff—
Tetervin equation may reduce to the much simpler form

T
F(H)4H 5 T, 5

However, there are not sufficient date available to permit an
accurate determination of the varistion of skin-friction coefficilent
with H as well as with Reynolds number. In the present report

the Gruschwitz equation will be used.

Gruschwitz assumed that the turbulent boundary-layer velocity

profiles formed & one—parameter family., The shape paramster he
uged was defined as

-1-(3), 2

This parameter is related to O, x, and S by the empiricalequation

6 d(sn)

= - 0.00461 — 0.00894 y

wi
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The data of references 1 and 2 lend considerable weight to the basic
assumption of Gruschwitz. In both of these references, the velocity
distribution through the boundary laysr is shown to depend only
upon H. The varlation of the boundary-layer velocity profile with
H 1s studied by plotting curves of u/U versus H for various
congtent values of y/e. The date in these two reports are in good
agreement for velues of y/6 =above ons.

An analysis of the data of references 1 and 2 revealed thet
for each airfoll the quantity Sn varied less than 20 percent
throughout the region of turbulent flow. This variation appeared
to be somewhat dependent upon Reynolds number and hence these data
were not 1n close agreement with the eguation presented by
Gruschwitz. However, for Reynolds numbers of several million the
average varlation for each configuration investigated was well
represented by

d(sn)

0| o

= 0.005 — 0.009 q (7

which 1s essentially the Gruschwitz equation. This equation was
investigated only for reglons of decreasing pressure coefficient S.
It can be used to calculate the turbulent boundary-layer separation
point for airfolls at moderate angles of attack. The value of 1y

for which fully turbulent flow starts is approximately 0.58 (H = 1l.4),
and separation occurs when n attains a value of. about 0.93 (H = 2.5).
In. performing this computation,it is merely necessary to know the
chordwise pressure distribution. Wpen the region of separated
turbulent flow is more than 10 percent of the chord in length, there
is a substantiasl difference between the actual and the potential—
theory pressure distributions. Consequently, if the calculations

are based on the potential-theory pressure distribution, considerable
error can exist in estimating the chordwise position of the separa—
tion point. However, since, as was noted above, there is only &
moderate chordwise variation in the quantity Sy, it is possible

to obtaln a close estimate of the value of the pressure coefficient

S over the separated region. In fact,a useful rough approximetion
is

or
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which emphaasizes that turbulent separation, Jjust like leminar
separation, 1s primerily & result of decreases ln the pressure
coefficient 8.

The chordwigse variation of n (or H) is of interest for
evaluating changes in the veloclty profile shape as well as for
predicting separation. An interesting approximation for these
velocity proflles can be obtained as follows:

Assume that the veloclty distribution through the boundary
layer 1s related by a power law to the distance from the surface,

nsmely,
N
u_(y
’6'(8)

From the definitions of the varlous quantitles it follows that

6 N B* N
- ;] —— == ; H=1+2N
5 (+N)(+em) ° & W1’

and hence

:{ #lrmmtoan | T ®

This simple expression is in surprisingly close agreement with the
experimental deta, The Gruschwitz shape parameter ls then

2N
et G):,.,e i l‘_ [ (1+N1)v(1+2N) ] @

The variation of n with E given by this expression 1s shown in
figure 3, which agrees satisfactorily with the curve obtained
empirically by Gruschwitz. A further indication of the value of
using 1 a8 a parameter is that the variation of skin-frictlon
coefficient with 1 1is linear for the data presented by Dryden.
Theae data indicate a relation between the skin-friction coeffi-
clent and the boundery-layer shape factor such as

5.5 o8
¢~ 2 (2.8 - 37n)

T
where -2-9 is the flat-plate skin-friotion coefficient.
q

The turbulent separation on an NACA 66,2-216, a = 0.6 airfoll
section at 10,1° angle of attack and a Reynolds number of 2.6 million
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is analyzed in reference 2. The experimental pressure distrlibution
for this airfoil ls shown in figure 1. The growth of the momentum
thickness in the turbulent region 1s computed by msans of equa—

tion (5) and the experimental pressure distribution. The values™
obtained in this computation are substituted in equation (7) and the
chordwise variation of n and hence H evaluated., These values

of E and also the calculated values of momentum thickness are
compared with the experimental data in figure 4. Although the
computed values of E are smaller than those mesasured experimentally,
the curves are similar in shape, and the fact that turbulent separa—
tion i1s imminent at the 0.7 chord statlon is predicted by the theory.

ANAT.OGIES BETWEEN BOUNDARY--TAYER FLOW AT
TRANSORIC AND AT LOW SPEEDS

A number of the concepts which were developed in the preceding
section for low—speed flows will be shown to apply In campressible
flow. Recently Ackeret, Feldmann, and Rott (reference L) published
a thorough experimental investigation of boundary-layer flow in the
vicinity of compression shock waves. These date will now bs examined
in the light of the preceding low—spoed enalysls., At transonic speeds
the flow over an airfoll may be divlided into three reglons: the
forward subgonic region, followed by a supersonic reglon terminated
by a compression shock which returns the local flow to subsonic
speeds. It 1s the character of the return of the flow from super—
sonic to subsonic velocity which varies with the state of flow in
the boundary layer. ‘

TLaminar Flow

Congider first the case of laminar boundary-layer separatlion
in the vicinity of a compression shock weave, When the boundary
layer immediately ahead of the shock wave is laminar and the local
Mach number is about 1.2 or greater, the campression shock wave
1s shaped like the Greek letter A. The front leg of the A is
an oblique shock wave arising from the deflection of the boundary
layer from the surface, that is, laminar separation. The rear leg
ig the main compression wave through which the flow goes fram
supersonic to subsonic velocity. Between these two branches of
the shock wave the surface static pressure remains constant, a
characteristic property of reglons of laminar smeparation. Ackeret,
Feldmann, and Rott present boundary-layer msasurements for thls
type of flow. TNo measurements of the local velocity within the
bubble of separetion are presented. They assume apprecilable
negative veloclty to exist in this bubble; whereas these veloclties
should be considered negligible. The boundary-laysr-momentum and
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displacement—thickness dlstributions were recalculated for zero
velocity in the dead-alr bubble, In performing these recalculations,
the Ackeret procedure was used for obtalning the approximate denslty
variation through the boundary layer from the measured Mach number
distribution. This procedure is based on the assumption that energy
is constant through the boundery leyer. These revised experimental
values are shown in figure 5. It 1s geen that over: the constant—

/pressure region the displacement thickness grows approximately

linearly (s phenomenon to be discussed later), while the momentum
thickness remalins virtually constant. Over the transition region
of rapld pressure recovery, at the base of the main shock wave,
displacement thicknesgs remalns constant but momenbum thickness
increases., The boundary-layer behavior in these regions 1is similar
to that previously noted for low—speed laminer separation and
transition. Moreover, at Mach numbers of about 1.2 the length of
the constant—pressure reglon can be characterized by a Reynolds
number run of 100,000, & vedue four times that observed at low
gpeeds, This particular nummerical value is characteristic of

every case of transonic laminar separation presented in reference h,
The difference between the length of the laminar separated region
at low and high speseds may be due to the increase in the stabllity
of leminar flow with Mach number (reference 8).

Another anslogy between transonic and low—speed laminar
separation is the local flow deceleration which is aagoclated with
the onset of laminsr separation. Von Karman and Millikan have
shown that at low speeds laminar separation occurs at the poing

where U2 ju2 attailns a certain numerical value.
geparation’ maxlimum

This value depends only upon the chordwise position of the maximum
local velocity and, for cases in which this position 1s well
removed from the leading edge, the numerical walue of the ratio is
approximately 0.88., This analysis could be expected to apply at
transonic speeds because U2/2 1is the kinetic energy per unit mass
of fluild in compressible as well as incompresslble flow. The
numerical velue of this ratio for the transonic pressure distribu—
tion shown in figure 5 is 0.92 which 1s in satisfactory agreement
with the low—speed analysis. Moreover, this ratlo corresponds to

a flow deflection of 1.5° when supersonic obligue—shock-wave

theory is applied. In figure 5, this value 1s presented as the
theoretical curve for the growth of the boundary-layer displacement
thickness over the reglon of leminar separation. The theoretical
variation of the displmcement thickness 1s seen to be only aboub .
one-half of that found experimentally. This difference ls primarily
dus to the curvature of the surface. The flow is deflected 1.5°
with reference to a line tangent to the surface at the point of
deflection. Consequently, in addition to the increase in displace—
ment thickness caused by the flow deflection, there 1s an increase
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measured by the perpendicular distance from the surface to the line
tangent to the surface at the deflection point. It was not possible
to determine this distance from the data presented in reference k.
A more exact calculation would consider this effect of surface
curvature and then assume that B* is constant over the following
trangition region. The momentum thickness i1s theoretically constant
over the regionm of laminar seperation while the experimental measure—
monts show & small inorease. In the reglon of transition and
reattachment, which ococurs at the base of the main shock wave, the
transonic date indlicate that the displacement thickness is virtually
constant. This result 1s the same.as that noted for low-speed flow.

In order to calculate the growth of the boundary—layer momsntum
thickness in the transition region,it is necessary to employ the
momentum integral equation. For a compressible fluid, this equa—
tion 1s

de e 6+-5%
_..+_E+2 i:& (3_0)

p dx U2 dx 2q

R

where p and U are, respectively, the local density and velocity
immediately outside the boundary layer. In the transition region,
the flow is detached from the surface so the skin-friction coeffi-—
clent 1s gzero., As a first approximation to the density variation
outside the boundery layer adisbatic variation 1s assumed. Then
the solution of equation (10) is

Cl*+xel>1/ K Mpx
————— T et

1%+K6p My *

wWhere subsoripts 1 and =2 are, respectively, conditlons at the
beginning and end of an interval in which X 1s the average value
of

1a-7M*2
K==

The momentium—thickness distribution calculated, by means of this
approximate solution, over the transition reglon is also presented
in figure 5.

A further effect of laminar separation, which is indicated by
Ackeret's data, 1s a rearward movement of the posltion of the main
shock wave from 1ts posltion when the boundary layer le turbulent.
Conglder the subsonlc chordwlse veloclty distribution behind the
shock wave 1n the latter case as a reference distribution; it is
apparent that the presence of the effective bump, which is the bubble
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of laminar seperation, raises the local velocities above the
reference distribution. Thus, the chordwise locatlon of the point
at which sonic velocity occurs moves aft,and hence the shock wave
moves aft when fully turbulent boundary-layer flow is replaced by
laminar geparation. It should be noted that between these two types
of shock-wave boundary-layer interaction there is another possible
type. When laminar separation occurs some distance from the leading
edge of an airfoll, the laminar boundary layer at the separation
point is rather thick and easily destabllized. Thus, the very process
of laminar separation could precipitate transition ahead of the main
shock wave. This would result in e marked change in the appearance
of the main shock wave from that of the lambda~type wave.

The question arises as to whether the boundary-layer
momentum integral equation can be used to calculate the boundary—
layer growth through e shock wave. The primary factor which could
invelidate the use of this equatlon would be the occurrence of
static pressure varistion through the boundary layer. In refer—
ence L, statlc pressure surveys through the boundary layer are
pregented. The experimental measurements show that the static
pressure is virtually constant through the boundary layer even
when there 1s & large static pressure gradient lmmesdiately outside
the boundary layer. Eguation (10) is therefore applicable. However,
before attempting a solution of this equation for turbulent flows,
it is necesmary to investigate the characterlstics of turbulent
boundary layers at high speeds.

Turbulent Flow

The transonic, turbulent-boundary-layer velocilty profiles
pregented by Ackeret can be analyred by the methods used for low—
speed turbulent velocity profiles. The varlable considesred was
the ratio of the local wvelocity at various points inside the
boundary layer to the lccal veloclty lmmedlately outslde the
boundery layer. The points for which the local velocity ratio
was considered were at a distence y from the airfoll surface
equal to the local momentum thickneas 6, and also at even integral
multiples of this distance y/6 from the surface. The latter points
are plotted against the former in figure 6. The curves drawn in
this figure were obtained for low-—epeed turbulent boundery layers.
The data for a value of y/0 of, 4 indicate that the boundary—
layer velocity proflles at transonic speede mey differ somewhat
from those at low apeed over the outer portion of the profiles.
However, at the inner portion of the boundary layer, the values for
transonlc speede are in agreement with the curves obtained from
low—spoeed data. It therefore follows that essentlally the same
boundary-layer velocity profiles occur at low and transonic speeds,
and throughout this Mach number range the same Gruschwitz shaye
parameter v applies.
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The relation between 17 'and &%/6 (or H) is different for
compressible and Incompresslble flows because of the varlation of
density through the boundary layer. Ackeret assumes that the
total energy and static pressure are constant through the boundary
layer. From this it follows that the denslty varilation through
the boundary layer 1s a function of the velocliy—profile shape,
the free—stream Mach number, and the local stream Mach number M.
Values of H have been calculeted for free—stream Mach mumbers
between 0.7 end 1.0, and variou# local Mach numbers. As long as
the local Mach number 1s greeater than the frese—stream Mach number
but less than 1.4, the effect of oompressibility on the value of
H is well approxima,ted by

H=HM=O<1+§M2) (11)

It 1s now possible to consider solutions of equation (10) which
can be used to calculate the turbulent-boundary-layer growth through
a shock wave. The presaure and Mach number variation in this region
are large, anB both of these factors have appreciable effects on H.
The pressure variation causes an lncrease in H, the magnitude of
which 18 reduced as a result of the decreasing local Mach numbers.
This suggests the simple approximstion of again usling a constant
average value of H in solving the momentum integrel equation. This
i1s such a gross approximation that it would be foolish to attempt
to include the relatively small effect of the surface shear forces.
Assuming a constant average value of 5*/6 and neglecting the
surface shear forces, equation (10) reduces to

(2+H)
8pU = conetant (12)

This same equation has been employed (reference 9) for estimating
the increase in boundery--layer momentum thickness through the
trailling—edge shock wave of an alrfoil at supersonic speeds.

It 1s necessary to calculate the chordwise variation of both
H and the momentum thickness 6 before an estimation of the growth
of the displacement thickness &% msy be made. As has been
previcusly discussed, an analysis of the turbulent transonic
boundary layers of reference 4 (fig. 6) indicated the applicabllity
of the paramster f for specifying the shape of the boundary layer.
Therefore, the data of reference h- woere analyzed in terms of equa—
tion (7) of this report. In performing this analysis, equation (7)
was written in the form
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_6 d(nu®)

U® dx
and used with the experimental values of 6 and M* to calculate the
variation of . The calculated and experimental values of 1 are

compared in figure 7. With the chordwise veriation of 1 known,
values of Hy, may be determined from equation (9) or figure 3.

Equation (11) gives the correction to Hy.g for the effect of
campressibllity. Since H equals 8*/9, 5% 1p Immediately avallable.

= 0,005 — 0.009 3 (13)

To 1llustrate these results,a typlcal example, teken from refer—
ence 4, 1s presented in figure 8. The calculations were based on
the experimental static pressure distribution which was converted
to velocity dlatribution by using Bernoulli's equatlion for adiabatic
flow. At the peak pressure, the value of H was obtained from equa- .
tion (11) under the assumption that Hy=p would have been 1.k.

This value of H was used in equation (12) to calculate the momentum—
thickness distribution shown in figure 8. Egquation (13) then gave
the chordwise variation of 1. Figure 3 was used to convert the
calculated values of 1 to Hy.qg and equation (11) to determine the

corresponding velues of H. Since H equals 6*/9, 5% was easlly
determined. These values are also compared with the experimental
measurements in figure 8.

The data presented by Ackeret indicate an important fact
regarding the variation of the turbulent—-boundary-layer profile
shape through the shock wave. In the lmmediate vicinity of the
shock wave, the large pressure gradient causes the veloclty profile
to approach the shape assoclated wilith turbulent separation in low—
speed flows. However, immediately following this region 1s one
with much emaller pressure gradlents,and in thls latter reglon the
boundary-layer veloclity profile tends to return to a shape character—
istic of unseparated turbulent boundary layers. This tendency to
return to a flat-plate type of veloclty profile is indicated, by
equation (13) and figure 7, to be characteristic of regions of small
pressure gradients. It thus appears possible that immedlately
behind a sufficiently intense shock wave the boundary layer may be
peparated, but re-establishment of turbulent boundary-layer flow
will occur if the subsonic region behind the shock is sufficiently
extenaive and 1f the aedverse pressure gradient over that region 1s
small,

DISCUSSICN AND CONCLUDING REMARKS
In the preceding analysis,a generael similarlty has been found

between boundary-layer flowse et low speeds and transonic speeds.
The low—gpeed case consgidered was an airfoll section at moderate
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angle of attack; the transonic case was a surface over which there
wes a rather extensive region of supersonic flow. The comparlson
of the various flow regimes for these two cases will now be
discussed.

Laminar separation in the low—speed case is due to the
adverse pressure gredlent aft of the sharp leading-edge pressure
peak. The potential—theory pressure distribution ls so modified
by the presence of separation that locally the pressure gradient
is zero. The extent of the zero—gradient region is such as to
permit the laminar flow to turn turbulent and 1s characterized by
& Reynolds number run of approximately 25,000. At transonic speeds
laminer separation is more camplex becauss the occurrence of an
adverse gradient and laminar separation are two aspects of the
sams physicel phenomsne; that 1s, 1t 1s not apparent that one is
cause and the other effect. However, the magnitude of the flow
deceleration immediately ahead of separation is the same as for
low—speed flows, and in the latter case 1t 1s known that this flow
deceleration causes laminar separation.

The examples of trausonic flow consldered in the present
report have a more extensive length of laminar flow ahead of the
transition point and hence & thicker boundary layer than the low—
speed examples, Consequently, the transonic disturbance which
causes laminar separation at one Reynolds number can cause abrupt
transition at a somswhat larger Reynolds mumber. For moderate
Reynolds numbers (about one million) and Mach numbers of about 1.2
the length of the laminar-—geparation region is characterized by a
Reynolds number run of about 100,000.

At both low and transonic speeds, the boundary—layer momentum
thickness remains constant over the constant-pressure reglon, and
the dlsplacement thickness grows in such a manner as to effectively
change the local surface shape to one over which the pressure
gradient would be zero. When trangition occurs, there 1s a large
pressure gradient and considerable pressure recovery before the
separated flow reattaches to the surface as a turbulent boundary
layer. It does not seem to have been recognized previously that
such a large pressure recovery occurs over the translition region
before the onset of fully developed turbulent boundary-—layer flow.
In the transition region the boundary-layer displacement thlckness
is relatively constant, while the momentum thickness increases
markedly.

The velocity distributions through turbulent boundary layers
at low and transonic speeds appear to belong to the same one—
parameter family. Thus, specifylng the ratio of the local stream
veloclity to the veloclty at a distance from the surface equal to
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the local momentum thickness lmmediately specifies the entire
veloclty profile. This property of turbulent boundary layers
suggeats the use of the Gruschwitz method for calculating the
chordwlse varlation of the velocity—profile shape. The avallable
date indicate that such celculations give results in falr agreement
with experimentel measurements at both low and transonic speeds.

A rough approximation determined from the Gruschwitz equatlion
for the magnitude of the flow deceleration which is sufficlent to
cause an initially fully developed turbulent boundary layer to

2

separate 1s (Use ration ) _ 1

Uinitial 2
It thus follows that if the boundary layer 1s turbulent shead of &
shock wave, and through the shock +the local Mach number goes subsonic
from a moderate supersonic value, then separation may exist behind
the shock. However, the turbulent boundary layer re—establishes
1tself as unseparated flow 1f the adverse pressure gradlient behind
the shock is sufficlently small. Thile important effect of the
pressure gradient exlsting behind the shock wave suggests that
alrfoll sections having smsll pressure gradients over the rear
portion of the chord will have better flow characteristics at
transonic speeds than airfoils having large gradlents in this region.

The question arises as to whether the megnitude of the peak
local Mach number occurring on alrfolls 1s limited by flow separa—
tion., The available date give no answer to this problem. However,
the analyesls indicates that, if turbulent boundary-layer flow
exlste ahead of the shock, the meximum deceleration through the
shock compatible with the stabllity of the turbulent boundary layer
corresponds to & decreese in Mach number from 1.5 to 1.,0. Thus, if
the flow behind the shock 1s to be subsonic, the propexrtlies of the
turbulent boundary layer appesr to impose a limiting value of 1.5
for the peak Mach nNumber.

The rather rudimentaery analysis of the present report cannot
be consldered as the answer to the various problems dealt with. It
is rather intended to present & simple and ccherent picture of the
boundary~layer varietion for certein alrfoll configurations, The
basic similarities between the low—speed and transonic—speed cases
considered indicate that important simplifications and extensions
of current boundary—layer theory are possible.

Ames Aeronautiocal Isaboratory,
National Advigory Committee for Aeronsutics,
Moffett Fleld, Calif.
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